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1 Introduction 

The purpose of this paper is to investigate the structure of the derived cate¬ 
gory of a toric variety. We shall prove the following: 

Theorem 1.1. Let X be a projective toric variety with at most quotient 
singularities, let B he an invariant Q-divisor whose coefficients belong to 
the set G and let X be the smooth Deligne-Mumford stack 

associated to the pair (V, B) as in Then the bounded derived category of 
coherent sheaves D^{Coh{X)) has a complete exceptional collection consisting 
of sheaves. 

An object of a triangulated category a G T is called exceptional if 



for p = 0 
for p 7^ 0. 


A sequence of exceptional objects {ci,... ,6^} is said to be an exceptional 
collection if 


Hom^(ej, Cj) = 0 for all p and i > j. 


It is said to be strong if in addition that Hom^(ej,ej) = 0 for p 7^ 0 and 
all i,j. It is called complete if T coincides with the smallest triangulated 
subcategory containing all the e* (cf. j2]). 

It is usually hard to determine the explicit structure of a derived cat¬ 
egory of a variety. But it is known that some special varieties such as a 
projective space or a Grassmann variety have strong complete exceptional 
collections consisting of vector bundles (P, 0, El, EDI) Such sheaves are 
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useful for further investigation of the derived categories (CHI, 0, d and [0] 
for example). 

We use the minimal model program for toric varieties as developed in UTI 
(and corrected in CHI) in order to prove the theorem. A special feature for 
this approach is that, even if we start with the smooth and non-boundary 
case B = 0, we are forced to deal with not only singularities but also the case 
B ^ 0 because Mori hber spaces have multiple hbers in general. Thus we are 
inevitably lead to consider the general situation concerning Deligne-Mumford 
stacks even if we only need results for smooth varieties. The stacky sheaves 
need careful treatment because there exist non-trivial stabilizer groups on 
the stacks (cf. Remark |5.1|1 . 

We start with the Beilinson theorem for the case of projective spaces, 
and build up exceptional collections following the procedure of the minimal 
model program. We use a covering trick to proceed from projective spaces 
to log Fano varieties (§3). Then we proceed by induction on the dimension. 
First we consider a Mori hber space in §4 where the base space is assumed to 
have already a complete exceptional collection by the induction hypothesis. 
Though a Mori hber space has singular hbers, the associated morphism of 
stacks is proved to be smooth fCorollary I4.2|l . and we can dehne a complete 
exceptional collection on the total space by using twisted pull-backs. The 
behavior of derived categories under the birational transformations such as a 
divisorial contraction or a hip was studied in na. We use this result together 
with results of §4 in §5 and §6. Indeed, the exceptional locus of a divisorial 
contraction or a hip has a structure of a Mori hber space itself. The argument 
of the proof is a generalization of that in uni which considered the derived 
categories of a projective space bundle and a blowings-up with a smooth 
center in a smooth variety. 


2 Toric minimal model program 

Let X be a projective toric variety of dimension n which is quasi-smooth, i.e., 
has only quotient singularities. We note that a toric variety is quasi-smooth 
if and only if it is Q-factorial. We consider a Q-divisor B ow X whose prime 
components are invariant divisors with coefficients being contained in the set 
{ —;r G Z,>o}- Let X be the smooth Deligne-Mumford stack associated to 
the pair {X, B) with the natural morphism vr^ : A” —>■ X as in jl2j . 

The pair (X, B) has only log terminal singularities. We work on the 
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log minimal model program for {X,B). We refer the reader to ^Tj or os. 
Let 0 : X —y be a primitive contraction morphism corresponding to an 
extremal ray with respect to Kx + B. Then Y is also a projective toric variety 
and 0 is a toric morphism. If 0 is a birational morphism, then the boundary 
divisor C on y is dehned to be the strict transform of B. Otherwise, it will 
be dehned later. 

Let Nx be the lattice of 1-parameter subgroups of the torus acting on X, 
and Ax the fan in Nx,r corresponding to X. Let w = (us, ..., Un+i) be a wall 
in Ax corresponding to an extremal rational curve, where the Vi are primitive 
vectors in Nx on the edges of w. Let vi and V 2 be two primitive vectors in 
Nx each of which forms an n-dimensional cone in Ax when combined with 
w. Let Di be the prime divisors on X corresponding to the Uj, and "Dj the 
corresponding prime divisors on X. Let be the coefficients of the Di in 
B. Then the natural morphism ttx : X —> A ramihes along Di such that 

7r*x Di = TiVi. 

The contraction morphism is described by an equation 

aiVi ■ -1- ttn+lVn+l = 0 (2-1) 

where the a* are integers such that 

(® 1 , • • • 5 1 

Oj > 0 for 1 < i < a 
Oj = 0 for a -|- 1 < i 
ai<0for/9-|-l<z<n-|-l 
2<a</3<n + l. 

Note that we use slightly different notation from the literatures where the a* 
are rational numbers. Since Kx -|- i? is negative for cj), we have 


n+l 



The following lemma asserts that the set of integers {oj} is well prepared'. 

Lemma 2.1. Let io be an integer such that 1 < < a or (3+ 1 < io < n + l. 

Then the set of n + a — jS integers a, for 1 < i < a and P + l<i<n + l 
except one i = io is coprime for any io. 
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Proof. Let c be the largest common divisor of these integers, and set a, = ca,. 
Then we have (ajp, c) = 1. Let x, y be integers such that Oi^x + cy = 1. Then 



hence c = 1. 


□ 


One of the following cases occurs. 

(1) Mori hber space: f3 = n + 1. We have dimF = n + 1 — a. 

(2) divisorial contraction: (3 = n. 

(3) small contraction: (3 < n. 

We treat these cases separately in the following sections. According to 
the minimal model program, Theorem 11.11 follows from the combination of 
Corollaries and lb.21 

3 Fano case 

We start with the case where {X,B) is a log Q-Fano variety with p = 1. 
We have a = (3 = n + 1. In this case, there are no edges in Ax besides 
M>oUj. Such a variety X is not necessarily a weighted projective space as 
remarked in ^3]. But it is covered by a weighted projective space by a hnite 
morphism which is etale in codimension 1. Indeed, a weighted projective 
space is characterized by the property that the divisor class group has no 
torsion (cf. Lemma fd.lj) . 

Let Nx' be the sublattice of Nx generated by the u,. By the equation 
m, the toric variety X' corresponding to the fan Ax in Ax',r, with the 
lattice Ax', is isomorphic to the weighted projective space P(ai,... ,a„+i). 
The natural morphism ai : X' ^ X is etale in codimension 1. Let D[ be 
the prime divisors on X' corresponding to the u*, X' the smooth Deligne- 
Mumford stack associated to the pair (A', with the projections 

71X' X' —y X' and ui : A' ^ A, and let P' be the prime divisors on X' such 
that t7xiD[ = riD[. 

Let r be a positive integer such that a^r is divisible by r* for any i, and 
let Ay be the sublattice of Ax generated by the vectors u* = OiTVi. We have 


n+l 


X] = 0, 


i=l 
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and the toric variety X corresponding to the fan Ax in g, with the lattice 
TVy, is isomorphic to the projective space P". Let a 2 '■ X ^ X' he the natnral 
morphism, and set a = ai o a 2 , ^2 = t^x' ° <72 and a = ttx o o. Let Di be the 
prime divisors on X corresponding to the vectors hj. Moreover, let Xx" be 
the snblattice of Xx generated by the ViVi. We note that the vectors riVi are 
not necessarily primitive in this lattice. 

Lemma 3.1. (1) A divisor is torsion in the divisor class group of 

X if and only if 

V ^ Oj/uj _ Q 

^ n 

i 

(2) The group of torsion divisor classes on X is dual to the guotient group 
Nx/Nx”- 

(3) The group of torsion Weil divisor classes on X is dual to the guotient 
group Xx/Xx'- 

Proof. (1) A divisor kfDi is linearly eqnivalent to 0 if and only if there 
exists m G Mx = Xf^ snch that {m,riVi) = ki, because the morphism 
TTx : A —X is birationah Thus Yli kiT>i is torsion if and only if there 
exists m G Mx,ir such that {m,riVi) = ki. The latter condition is equivalent 
to the equality ^ = 0. 

(2) For m G Mx,r, we have (m, rjUj) G Z for all n* if and only if m G 
Mx" = Xf^„. Therefore, the group of torsion divisor classes is isomorphic to 
Mx"/Mx. 

(3) is a particular case of (2). □ 

Remark 3.2. If R = 0, i.e., r* = 1 for all i, then the divisor class groups of 
X and X are isomorphic. 

Example 3.3. Torsion divisor classes correspond to etale coverings of the 
stack. For example, let X = P"' be the projective space, and X the smooth 
stack associated to the pair (X, ^ where the Hi are coordinate 

hyperplanes. Let Hi be the prime divisors on X above the Hi so that TixHi = 
rHi for the projection nx ■ X ^ X. 

Let X = P" be another projective space, and let a : X —X be the 
Kummer covering with Galois group (Z/r)” obtained by taking the r-th 
roots of the coordinates. Then a is etale, and we have 

r—1 n n 

'^*^X— ^ IjHj + ^ ^ li)Hn+l). 

ll,...,l„=0 i=l *=1 
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We note that the direct summands are invertible sheaves on X corresponding 
to the torsion divisor classes. In the usual language, if we denote d = vr^ oa : 
X —>■ X, then 

T—1 '^-^n 7 


because 


( y^ Wi +(- h)'hfn+i) 

i=l i=l 


o 


X{ 


W'" I 




n+l) 


More generally, we have 

1 —1 n n 

o'*Oj^{—p)= OxC^^ h'Hj + {—p — y~^ li)7in+l) 

ll,...,ln=0 i=l i=l 


and 

r—l j 

B.O^(-p)^ 0 ‘ ^g„+l). 

For example, the direct images of the sheaves Oj^{—p) for 0 < p < n, which 
generates the derived category Zi)^(Coh(X)) ([I]), have the direct summands 
of the form Oxi—q) for 0 < g < n (cf. [TTjh 

Lemma 3.4. (1) Let Gi = Nx/Nx' he the Galois group of the covering 
di : X' —> X. Then there is the following decomposition into eigenspaces 
with respect to the Gi-action 


o'uOx'C^^ diD'f) = OxC^^{di + kiVij'Di) 

i k i 


where the sequences of integers k = {ki) in the summation are determined 
by the equation ki = (m, Vi) for the representatives m of the group of torsion 
Weil divisor classes Mx'/Mx of X. 

(2) Let G 2 = Nx'/Nj^ be the Galois group of the covering d 2 : X —>• X'. 
Then there is the following decomposition into eigenspaces with respect to the 
G 2 -action 


hvi 


ai^Ox{-p) ^ 0 ^ + 

tii ! 


Ki<n 


{In+l - P)rn+1 


n+1 


TD' 


71+1 


75 :'. 


Z=1 
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where the sequences of integers I = ifi) in the summation run under the 
conditions that 0 < /j < ajr and r\ 

(3) Let G = Nx/Nj^ the Galois group of the covering a : X ^ X. Then 
there is the following decomposition into eigenspaces with respect to the G- 
action 


(^*Ox{-p) — ^ Ox{ ^ 


l< 2 <n 


Kri _ 
e—JDi + L 
a^r 


{kn+i - p)rn+i 


JD. 


^n+l^ 


n+1 j 


where the sequences of integers k = {ki) satisfy the equation 

n+l 

fcj = 0 - 

i=l 

Proof. (1) is clear. 

(2) We have an exact sequence 

n+l 

0 —Z/r —^ G 2 ^ 0 

i=l 

where 1 in the hrst term is sent to (oj) in the second term. Thus 

n+l n+l 

G *2 = {{li)e^Z/air-,'^li = 0 mod r}. 

i=l i=l 

We have clVl = ^Di for the prime divisor Di on X above T*'. Since ^ = 7 , 
we obtain the formula. We note that Ox’iG) is well-dehned because X' has 
no torsion divisor classes. 

(3) By combining (1) and (2), we obtain 

^*^x{~p) — {kiVi + L— 

k,l l<i<n * 

I /I I {ln+1 P)^n+1 \ 

+ (++l^"n+l + L- j)T>n+l) 

dn+P 

where the k = {ki) satisfy the equation 


n+l 

y ^ Oj/cj 

i=l 


1 

r 


n+l 

E'- 


i=l 


and the summation on I = {If) is under the restriction that 0 < /* < air and 
r| J2i h- If we replace Oirki + U by ki, then we obtain our assertion. □ 
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Theorem 3.5. (1) An invertible sheaf Oxexcep¬ 
tional object for any sequence of integers k = {kf) for 1 < i < n + 1. 


(2) If Eti ^ > Er=/ ^ > Er=i' 


aijki-l) 

n 


, then 


n+1 n+1 

i=l i=l 


for all q, where k' = {k'f) is another sequence of integers. 

(3) //ES‘ = ES "-A E”i' hV, E”i' m. then 


r-i 

n+1 


n+1 


Hom^OxiY, kVi), OxCZ, = 0 

i=l i=l 

for all q. 

(4) IfT.tA-t<T.tl‘-f.then 

n+1 n+1 

HomkOx{J2 = 0 


i=l 


i=l 


for q 0. 

(5) The set of invertible sheaves Ox{Ei=i kHi) 

n+1 , n+1 

g ^ X ^ V ^ 

^ . 

i=l * i=l * 


generates the triangulated category D^{Coh{X)). 
Proof. The canonical divisor of X is given by 


= T^x^x ® Ox^{r, - \)Vf) = Ox{-Y,Vi). 

i i 


An invertible sheaf OxifEi kTAf) is ample if and only if Ei > 0. There¬ 
fore, the assertions (1) through (4) follow immediately from the vanishing 
theorem (ca). 

(5) follows from a similar generalization of the Beilinson resolution the¬ 
orem (PP) as in CH §5. Indeed, the integral functor corresponding to an 
object e on A X A given by 

e ={0 ^ [a^Oj^{-n) Kl a^Qf^{n)E ■ 

^ +C>^(- 1 ) K ^ [a,0^ K ^ 0 } 
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is isomorphic to the identity functor, where the group G acts diagonally on 
the tensor products. Thus the derived category Zi)^(Coh(T’)) is generated 
by the direct summands of the sheaves a^Oy(—p) for 0 < p < n given in 
Lemma 0(3). 

Since = 0, we have 


E 


tti 


kiTj 

air 


Ti 


+ 


®n+l 


(kn+l-p)rn + l 

<2'n+lT 


Tn+l 


P 


r 


Then we calculate 




Cl jL 


kjVi 

air 


+ 


(fc„+l-p)r„+i 
^"+ 1 ^ a.+ir- ^ 

Tn+l 


n+1 





r 


n+1 



1 

r 


where we put air = TiSi for some integers s*. □ 

Corollary 3.6. Let (X, B) he a Q-factorial projective toric variety such that 
— {Kx + B) is ample, p{X) = 1 and that the coefficients of B belong to the set 
r G Z>o}. Let X be the smooth Deligne-Mumford stack associated to the 
pair {X,B). Then the derived category D’^{Coh{X)) has a strong complete 
exceptional collection consisting of invertible sheaves. 

Proof. The number of isomorphism classes of the set of invertible sheaves 
for 0 > El - E. 77 is hnite. □ 


4 Mori fiber space 

We consider a toric Mori hber space cf : X ^ Y with respect to Kx + B. 
This hbration is not necessarily locally trivial because there may be multiple 
hbers. But it becomes locally trivial after taking coverings: 

Lemma 4.1. Let Yq he an invariant open affine subset ofY, and let Xo = 
0“^(Eo)- Then there exist finite surjective toric morphisms txq : Xq —>• Xq 
and tyo ■ Yq —> Yq with a toric surjective morphism (p^ : Xq ^ Yq" which 
satisfy the following conditions. 
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(1) Txo is etale in codimension 1 . 

( 2 ) 0 O Txo = Ty^ o 0[,. 

(3) Xq is isomorphic to the direct product ofY^' and a weighted projective 
space, and 0q corresponds to the projection. 

Proof. Let Ny be the lattice of 1-parameter subgroups of the torus for Y, 
and Ay the fan in Ay^R corresponding to Y. We take the wall w described 
in the formula m such that the corresponding extremal rational curve is 
contained in Xq. We have 

Q 

NY = Nx/{^Rv,nNx). 

i=l 

Let h : Nx —> Ay be the projection. We write h{vi) = SiVi for primitive 
vectors Vi in Ay and positive integers s* for a + 1 < i < n + 1. Then 

these Vi give the set of edges of an (n 1 — a)-dimensional cone cxo in Ay 

corresponding to Yq. Let Ei be the prime divisors on Y corresponding to 
the vectors hj. Xq coincides with the toric variety corresponding to the fan 
Ax n h“^(cro) in Ax,r. 

Let Ax' be the sublattice of Ax generated by the n, for 1 < i < n-|-l, and 
Ay^' (resp. Ay») of Ay generated by the Vi (resp. h{vi)) for a-|-l <i <n + l. 
Let Xq be the toric variety corresponding to the fan Ax H h“^((Jo) in Ax',r, 
and Yq (resp. Yq) the one corresponding to the cone cxo in AyjR (resp. 

Ay»,M). Then the natural morphisms txq : Xq ^ X and : Yq ^ Y are 

etale in codimension 1, while : Yq —> Yq is not in general. Since 

a 

^ OiVi = 0 
i=l 

Xq is isomorphic to the product of Yq with a weighted projective space 

P(ai,... ,a«). □ 

We dehne the boundary Q-divisor C on A by assigning coefficients 
to the irreducible components Ei, where the Si are dehned in the proof of the 
above lemma. We note that, even if we start with the non-boundary case 
B = 0, the naturally dehned boundary divisor C on A is non-zero in general, 
because there may be multiple hbers for 0. Let y be the smooth Deligne- 
Mumford stack associated to the pair (A, C). The above lemma implies the 
following: 
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Corollary 4.2. The natural morphism 'll) : X ^ y is smooth. 

Theorem 4.3. (1) The functor ij)* : D^{Coh{y)) D^{Coh{X)) is full'll 
faithful. 

Let D’^{Coh{y))k denote the full subcategor'y of D^{Coh{X)) defined b'tj 

a 

D\Coh{y))k = rD\Coh{y)) 0 

2=1 


for a sequence of integers k = {kf) for 1 <i < a. 


(s) If-El, ^ > E“.i ^ > E“.. 


n ^ 2=1 n 
bf T^b/ 


, then 


Hom\D\Coh{y))r,,D\Coh{y))k') 


0 


for all q, 'where k' = [kf] is another sequence of integers. 

(3) //E “=1 ^ = E “=1 ^ and - Km ^ rD\Coh{y)), 

then 

Hom'^{D\Coh{y))k,D\Coh{y))k') =0 

for all q. 

(4) The set of subcategories D^{Coh{y))k for 


2=1 * 2=1 


®2 


generates the triangulated categor'y D^{Coh{X)). 

Proof. (1) By ji] or j3], it is sufficient to prove the following statement; if A 
and B are skyscraper sheaves on y of length 1, then the natural homomor¬ 
phism Hom^(y4,i?) ^ AoirP['ll)*A,'ll)*B) is bijective. This follows from the 
fact that Xq is isomorphic to the product of Yq with a weighted projective 
space P(ai,... ,aa), and that the natural homomorphism of Galois groups 
Nx/Nx'^ —> Ny/Ny^' is surjective . 

For (2) and (3), we use a spectral sequence 


Ef’" = HP{y, nom{A, B) ® hVi)) 

i=l 

a. 

^ HomP+'?(i/>M, 'if^B ® OxCZ, 

i=l 
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for invertible sheaves A, B on y. The direct image sheaves vanish in our 
case, because the relative canonical divisor for 'ip is given by 

OL 

^x/y = Ox{— ^ B>i) 

i=l 

and an invertible sheaf ki^i) is -^-ample if and only if ~ > 0 

(ini)- 

(4) In general, a full triangulated sub category of a triangulated category 
A is said to be right (resp. left) admissible if A is generated by B and (resp. 
B and ^B), where B-^ (resp. -^B) denotes the right (resp. left) orthogonal 
complement of in ^ ([3]). The sub category triangulated T of Zi)^(Coh(T’)) 
generated by the subcategories D’^{Coh.{y))k is admissible by loc. cit. 1.12, 
2.6 and 2.11. Therefore, it is sufficient to prove that the left orthogonal 
consists of 0 objects. 

Let A be an arbitrary skyscraper sheaf of length 1 on X supported at 
a point P. Then by Theorem 14.61 there exists a skyscraper sheaf B of 
length 1 on 3^ supported at Q = 0(T’) such that A is contained in the 
subcategory generated by the sheaves of the form ■^*5 0 Ox{Yl'i=i 
0 ^ 1 ~ > ~ 1 Thus A contained in T. Hence -‘-T = 0, because 

such A span D^(Coh(X)) (jl] or j^). □ 

Corollary 4.4. Assume that D^{Coh{y)) has a complete exceptional collec¬ 
tion consisting of sheaves. Then so has D^{Coh{X)). 

5 Divisorial contraction 

We consider a toric divisorial contraction (p ■. X ^ Y. Kx B is negative 
for 0, and C = <p^B is the strict transform. Let D be the exceptional divisor 
of the contraction. Then the restriction p : D ^ F = 4>{D) is a Mori hber 
space which was treated in the previous section. 

Let 3^ be the stack associated to the pair (Y, C). We note that there is no 
morphism of stacks from df to 3^ in general. But there is still a fully faithful 
functor 4) : Il^(Coh(3^)) —> Zl^(Coh(A’)) by [T2j Theorem 4.2 (2). Indeed, let 
W be the normalization of the hber product X Xyy, and let /i : W ^ df and 
1 / : W —> 3^ be the projections. Then 4> = /i* o z/* is fully faithful. We regard 
Il^(Coh(3^)) as a full subcategory of Zl^(Coh(d:’)) through this functor. 


12 


Let Ei = (p^Di be the prime divisors on Y corresponding to the edges Vi 
for 1 < i < n. Those Ei for 1 < i < a are the divisors which contain the 
center E of the blowing-up 0, and D = Dn+i is the exceptional divisor. Let 
Si be the prime divisors on y corresponding to the Ei. The following formula 
is proved in the proof of ^2] Theorem 4.2 (2): 


n n+1 

<!>{Oy{Y,kS^)) = 0;,{J2k.V,) 

i=l i=l 

^Ti +1 \ Ojiki 


kn-\-l — L 


bn+l Ti 


for any integers fcj for 1 < i < n, where we put 6 „+i = —a^+i > 0. 

Let r be a positive integer such that a^r is divisible by r* for 1 < z < n-|-l. 
We set 

\ai\ ■ r = TiSi- 

Let s = (si,..., s„+i) be the greatest common divisor, and set s* = ss*. 
Then the fractional part of the rational number 

^n+l 0,iki _ 

bn+1 “ ri Sn+i 

can take arbitrary value in the set |0, ..., j ^yhen we vary the 

'5n+l ^n +1 ^ 

sequence k, because (si,..., Sn+i) = 1 - 

The Mori hber space p) : D ^ E is described as follows. The lattice 
of 1-parameter subgroup for D is given by iV = Nx/'^Vn+i- We write 
Vi mod I^Vn+i = tiVi for 1 < z < n, where the tj are positive integers and 
the Vi are primitive vectors in N. Let t = {aYi,... ,antn) be the greatest 
common divisor, and denote ajtj = tai. Then we have an equation 


aiUi -b • • • -|- ttnVn = 0. 

We dehne a Q-divisor i? on H by putting coefficients |;o the prime 
divisors Di = Di (1 D for 1 < z < n. We also dehne a Q-divisor C on the 
base space of the Mori hber space E using B as in the previous section. Let 
V and E be the smooth stacks associated to the pairs {D,B) and {E,C), 
respectively. Then there are induced morphisms of stacks p) : T) ^ E and 


13 








j : V ^ X. Let be the prime divisors on V corresponding to the Di for 
1 < i < n. Then we have 


= Ovipi). 

We note that DAr, = f Z)j in the usual language. 

Remark 5.1. If r^+i > 1, then the action of the stabilizer group at the 
generic point of Vn+i is non-triviah Hence we have j*Ox{kVn+i) = 0 on "D 
if k is not divisible by r„+i. Indeed, we have 

lAom{i*Ox{kVn+i),A) = Y{om.{Ox{kVn+i), j*A) = 0 

for any sheaf H on P in this case. 

For example, let X be an affine line with a point P, and X the stack 
associated to the pair {X, p-P) with a point P above P. Then we have 
j*Ox{kV) = 0 if /c is not divisible by r, where j : P ^ X is the natural 
morphism. From a resolution 


0 ^ Ox{{k - 1)V) ^ Ox{kV) ^ Or{kV) ^ 0 

it follows that Lqj*Op{kV) is isomorphic to Op if g = 0 and k = 0 mod r, 
or g = 1 and k = 1 mod r, and 0 if otherwise. Thus 

Eom'i{Op{kV),Op) ^ Rom\Op{kV),j,Op) 

^ Eom‘^{LfOp{kV),Op) 

is non zero if and only if g = 0 and k = 0 mod r, or g = 1 and k = 1 mod r. 

Theorem 5.2. (1) The functor jp* : D’^{Coh{P)) D'^{Coh{X)) is fully 

faithful. 

Let D^{Coh{P))k denote the full subcategory of D^{Coh{X)) defined by 

n+l 

D\Coh{P))k = jP*D\Coh{P)) ® OxiY^kfDf) 


for a sequence of integers k = (/cj) for 1 < i < n + 1. 


(2) If 0 > E’S‘ ^>- ES then 


n+l 


ri 


n ' 


Honfp{D\Coh{y))),D\Coh{P))k) = 0 
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then 


for all q. 

(3) U ^ ^ X/”"*"^ ai(ki-l) 

Honf{D\Coh{J^))k, D\Coh{J^))k') = 0 
for all q, where k' = {k[) is another sequence of integers. 

(4) //ES‘ = ES i/j-0*(ES(*:i - kdV.) = 0 or 

n+1 

ro;,{j2{ki - k[)v,) ^ rD\coh{j^)) 


Hon{‘{D\Coh{J^))k,D\Coh{J^))k') = 0 

for all q. 

(5) The subeategories ^{D^{Coh{y))) and the D^{Coh{iF))k for 


n+l j n+1 

g ^ ^ CLi 

rp . ly . 

i=l * i=l * 


generate the triangulated category D^{Coh{X)). 

Proof. (1) It is sufficient to prove that the natural homomorphism 
Hom®(L,L') ^ }loinT‘{j^'ip*L,j^'ip*L') 

is bijective for all q and all locally free sheaves L and L' on JF, because these 
sheaves span the category Zi)^(Coh(jF)). 

We have an exact sequence 

0 — Oxi—Pn+i) —^ Ox —^ Ox>„+i —^ 0 

with an isomorphism = j^Oj). Hence 

{ Ot> for g = 0 

j*Ox{-Vn+i) for g = 1 

0 otherwise 

where j*Ox{—T>n+i) is an invertible sheaf on T) if r„+i = 1, and zero other- 
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If rn+l > 1, then 


= Hom^(i/5*L,^*L') = Hom'?(L,L') 

as required. If r„+i = 1, then we know that j*Ox{T^n+i) is negative for 
while T^n+i) is ample for -0, because > 0. Since 

a a 

^v/T = Ovi-Y^V,) = 


we calculate 

^fOx{Vn+i)) = 0 

by the relative vanishing theorem for ip (^Sl)- Therefore, we have also our 
assertion in this case. 

(2) It is sufficient to prove 

n +1 n +1 

}lom‘>{OxYl k'{D.),j4*A ® hV,)) = 0 

i=l i=l 

for all integers q, all sheaves A on JF, and for the sequences (k) and {k') under 
the additional conditions that 


n j , 
_ ^Ti+1 \ Ojikj^ 


, _ -n+i 


•n+l Ti 


n+l j n+l 

g ^ ^ (li 

7 rf . / ,y . 


2=1 


2=1 


By the hrst condition, we have 


"■+1 ; / J, 

g ^ ^ ^ On+l 


2=1 


n Tn+l 


Hence 


n+l 


o>E- 


ai{ki - k[) 


> 


E tti 

T' • 


2 = 1 


2=1 
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By the relative vanishing theorem for -0, we have 

n+1 n+1 

Horn''(0^(5^ k[V,),j,rA ® OxiY, 

i=l i=l 

n+1 

= - kim,rA) = 0 . 

i=l 


(3) is similarly proved as in (1). Since 0 > Yll=i > — SILi ^ + 

we have 

^n + l ’ 


n+1 

RAfO;,{J2{k'-k,)V,) 

i=l 


n+1 

= 0 

i=l 


by the relative vanishing theorem for ip. Thus 


n+1 

Hom‘'(j+*L,j+*L' ® 0;,{J2{K - h)VP)) = 0 

i=l 


for all q and all locally free sheaves L and V on T. 

(4) is similar to (3). 

(5) We shall prove that the left orthogonal to the triangulated sub¬ 
category T of D^{Coh.{X)) generated by these subcategories consists of 0 
objects as in the proof of Theorem 14.31 

Let A be an arbitrary skyscraper sheaf of length 1 on df supported at a 
point P. If P ^ Pn+ii then A & T. Otherwise, there is a point P on T> 
such that P = j(P). Then by Theorem 13.bl there exists a skyscraper sheaf 
B of length 1 on P supported at Q = '0(P) such that A is contained in the 
subcategory generated by the sheaves of the form j^ip*B ® kiDi) 

for 


bn+l 

Tn+l 


> 


n+1 

E 


2=1 



> - 


n+1 



If E±i > ypp+l > 0, then it follows that ++i = L+ti 

Tn + l Ti — ’ bn+1 

fore, A contained in T, hence = 0. 


E n 
2 = 1 



There- 

□ 


Corollary 5.3. Assume that D’^{Coh{y)) has a complete exceptional collec¬ 
tion consisting of sheaves. Then so has D^{Coh{X)). 
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6 Log flip 


We consider a toric small contraction (j) : X ^ Y with the log flip (j)~^ : 
X~^ —>■ Y. Kx + -B is negative for 0, and Kx+ + B~^ is ample for (p'^, where 
B~^ = is the strict transform. The argnment for log flips in this 

section is snrprizingly similar to that for the divisorial contractions in the 
previous section. 

Let be the smooth Deligne-Mumford stack associated to the pair 
(df+, i?+). Then there is a fully faithful functor $ : Zi)^(Coh(T’+)) ^ 
D^{Coh{X)) by [T2j Theorem 4.2 (3). Indeed, let W be the normalization of 
the hber product X Xy and let p : W —> df and z/ : W —> X~^ be the 
projections. Then $ = p* o z/* is fully faithful. We regard Zi)^(Coh(d:’’'')) as 
a full subcategory of D’^{Coh.{X)) through this functor. 

Let be the prime divisors on corresponding to the 

edges Vi for 1 < i < n + 1 , and let be the corresponding prime divisors 
on X~^. The following formula is proved in the proof of ^2] Theorem 4.2 (3): 

n+l n+1 

i(0;,yY.'-~{Dt)) = oyY,k{D,) 

i=l i=l 


if 


z, 

~ ^ n 
1=1 


< 


n+l 

E 


i=P+l 


h 

Ti 


where we put hi = —ai for /? + 1 < i < rz, + 1. 

Let D be the exceptional locus of the contraction 0. Then we have D = 
^7=^+iBi, and the restriction (p : D ^ F = (p{D) is a Mori hber space, which 
is described as follows. The lattice of 1-parameter subgroup for D is given 
by iV = Nx/0 r=/3+i We write Vi mod Zn* = tiVi for 1 < i < ^, 

where the ti are positive integers and the Vi are primitive vectors in N. Let 
t = {aiti, ..., aptjj) be the greatest common divisor and ajtj = tOj. Then we 
have an equation 

aiVi H-h h/jh/j = 0. 

We dehne a Q-divisor I? on H by putting coefficients fo fh® prime 
divisors Di = Di n D for 1 < i < (3. We also dehne a Q-divisor C on the 
base space of the Mori hber space F using B as before. Let V and F be the 
smooth Deligne-Mumford stacks associated to the pairs {D,B) and {F,C), 
respectively. Then there are induced morphisms of stacks -0 : "D —> JF and 
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j \ T) ^ X . Let Vi be the prime divisors on T) corresponding to the Di for 
1 < * < /9- Then we have 


fO;,{Vi) = Ovipi). 

We note that -DjId = fA in the usual language. 

Theorem 6.1. (1) The functor jp* : D’^{Coh{V)) D^{Coh{X)) is fully 
faithful. 

Let D^{Coh{V))k denote the full subcategory of D^{Coh{X)) defined by 

n+l 

D\Coh{V))k = jP*D\Cohp)) ® OxiY^kfDf) 

i=l 


for a sequence of integers k = (/cj) for 1 < i < n + 1. 

(2) If 0 > E”=i' Eti 77 . then 

Homd{<l>{D\Coh{X+))),D\Coh{V))k) = 0 


for all q. 


(3) //ES‘ > ES > E”i‘ then 


Vi ^ —^ 2 =i n ^—^^=i n 


Honf{D\Coh{V))k, D\Coh{V))kt) = 0 


for all q, where k' = {k'f) is another sequence of integers. 

u) VY2L ^ = eS iut ifro.x{Yr*hki - kfm = •> »>■ 


n+l 


rox{Y.^h - k[)Vi) ^ rD\cohp)) 


i=l 


then 


Hom'^{D\Coh{V))k,D\Coh{V))kt) = 0 


for all q. 

(5) The subcategories ^{D^{Coh{X~^))) and the D^{Coh{IF))k for 


n+l , n+l 

g ^ X ^ Oji^i ^ V ^ 

ly. y. 


i=l 


2 = 1 


generate the triangulated category D^{Coh{X)). 
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Proof. (1) We shall prove that the natural homomorphism 


Hom^(L,L 0 ^ 

is bijective for all q and all locally free sheaves L and L' on JF. 
We have an exact sequence 

n+1 2 n+1 

0 - 0.v(- E ®‘) ^ ^ A( 0 0^(-®<)) 

i=/9+l i=/9+l 

n+1 

0 pOv ^ 0 . 

i=/9+l 


Hence 


q n+1 

i=f3+l 


The sheaf j*Ox{— Yhiei subset I C {/5 + 1,..., n + 1} is either 

invertible or zero, and is negative for f) if it is not a zero sheaf. 

Since 

a ex 

^vir = Ovi-Y.V,) = fOxi-Y^V,) 

i=l i=l 

we calculate 


p n+1 

A(© fOx{-V,))) = 0 

i=/3+l 


for p > 0 and for any q by the relative vanishing theorem for fj, because 

^n+l ^ ^ Q_ fjgncg 
1 n 


= = Hom«(L,L') 

for any q as required. 

(2) It is sufficient to prove 

n+1 n+1 

muPiOxiY k'{Di),3*rA ® OxCY = 0 

i=l i=l 
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for all integers q, all sheaves A on JF, and for the sequences (/c) and {k') under 
the additional conditions that 


o<y^< y ^ 

ly. y. 

i=l * i=/3+l * 

n+1 


n+1 , 

rp . ly . 


2=1 


2=1 


It follows that 


n+1 


o>E- 


- k[) 


> 


E tti 

r-i' 


i=l ‘ i=l 

By the relative vanishing theorem for -ip, we have 

n+1 n+1 

Hom''(0;,(y k[v,),j,rA ® 0;,(y k,vp) 


2 = 1 


2 = 1 


n+1 


Hom'?(j*0+.(y(A;' - A;,)©,)+*+ = 0. 


2 = 1 


(3) is similarly proved as in (1). Since 0 > > — Ylt=i 7^ + 

ES+i F’ 

n+1 

= 0 

ie/ i=l 

for any subset I C {/5 + 1,..., n + 1} by the relative vanishing theorem for 
tjj. Thus 

n+1 

Hom^(j+*L, j+U' ® OxiY^iK - k^)Vi)) = 0 

2=1 

for all q and all locally free sheaves L and L' on JF. 

(4) is similar to (3). 

(5) We shall prove that the left orthogonal ■*‘T to the triangulated sub¬ 
category T of D^{Coh.{X)) generated by these subcategories consists of 0 
objects. 

Let A be an arbitrary skyscraper sheaf of length 1 on df supported at a 
point P. If P is not above a point in D, then A & T. Otherwise, there is 
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a point P on V such that P = j{P)- Then by Theorem IT hi there exists a 
skyscraper sheaf B of length 1 on P supported at Q = '^(-P) such that A is 
contained in the subcategory generated by the sheaves of the form ® 


Ox{Y.ti for 


n+1 

E 


i=/3+l 



n+1 

E 


2=1 



> - 


n+1 



Therefore, A contained in T, hence = 0. □ 

Corollary 6.2. Assume that D^{Coh{X^)) has a complete exceptional col¬ 
lection consisting of sheaves. Then so has D^{Coh{X)). 


References 

[1] A. A. Beilinson. Coherent sheaves on and problems of linear 
algebra. Funct. Anal. Appl. 12(1978), 214-216. 

[2] A. I. Bondal. Representations of associative algebras and coherent 
sheaves. Izv. Akad. Nauk SSSR Ser. Mat. 53 (1989), no. 1, 25-44; 
translation in Math. USSR-Izv. 34 (1990), no. 1, 23-42. 

[3] A. I. Bondal and M. M. Kapranov. Representable functors, Serre 
functors, and reconstructions. Izv. Akad. Nauk SSSR Ser. Mat. 53 
(1989), no. 6, 1183-1205, 1337; translation in Math. USSR-Izv. 
35 (1990), no. 3, 519-541. 

[4] A. I. Bondal and D. O. Orlov. Reconstruction of a vari¬ 
ety from the derived category and groups of autoeguivalences. 
alg-geom/9712029, Compositio Math. 125 (2001), 327-344. 

[5] Tom Bridgeland. Eguivalences of triangulated categories and 
Fourier-Mukai transforms, math.AG/9809114, Bull. London 
Math. Soc. 31(1999), 25-34. 

[6] Tom Bridgeland. T-structures on some local Calabi- Yau varieties. 
math. AG/0502050, 


22 





[7] A. L. Gorodentsev, S. A. Kuleshov and A. N. Rudakov. t- 
stabilities and t-structures on triangulated categories. (Russian) 
Izv. Ross. Akad. Nauk Ser. Mat. 68 (2004), no. 4, 117-150. 
math. AG/0312442, 

[8] M. M. Kapranov. Derived category of coherent sheaves on Grass- 
mann manifolds. Izv. Akad. Nauk SSSR Ser. Mat. 48 (1984), no. 
1, 192-202. 

[9] M. M. Kapranov. On the derived category and K-functor of coher¬ 
ent sheaves on intersections of guadrics. Izv. Akad. Nauk SSSR 
Ser. Mat. 52 (1988), no. 1, 186-199; translation in Math. USSR- 
Izv. 32 (1989), no. 1, 191-204. 

[10] M. M. Kapranov. On the derived categories of coherent sheaves on 
some homogeneous spaces. Invent. Math. 92 (1988), no. 3, 479- 
508. 

[11] Yujiro Kawamata. Euivalences of derived catgories of sheaves on 
smooth stacks, math.AG/0210439, Amer. J. Math. 126(2004), 
1057-1083. 

[12] Yujiro Kawamata. Log crepant birational maps and derived cate¬ 
gories. math.AG/0311139, 

[13] Yujiro Kawamata, Katsumi Matsuda and Kenji Matsuki. Intro¬ 
duction to the minimal model problem, in Algebraic Geometry 
Sendai 1985, Advanced Studies in Pure Math. 10 (1987), Kinoku- 
niya and North-Holland, 283-360. 

[14] Emanuele Macri. Some examples of moduli spaces of stability con¬ 
ditions on derived categories, math.AG/0411613 

[15] Kenji Matsuki. Introduction to Mori Program. Springer, 2002. 

[16] D. O. Orlov. Projective bundles, monoidal transformations, and 
derived categories of coherent sheaves. Russian Acad. Sci. Izv. 
Math. 41(1993), 133-141. 

[17] Miles Reid. Decomposition of toric morphisms. Arithmetic and 
geometry, Vol. II, 395-418, Progr. Math., 36, Birkhauser Boston, 
Boston, MA, 1983. 


23 






[18] Alexei N. Rudakov. Rigid and exceptional vector bundles and 
sheaves on a Fano variety. Proceedings of the International 
Congress of Mathematicians, Vol. 1, 2 (Zurich, 1994), 697-705, 
Birkhauser, Basel, 1995. 

Department of Mathematical Sciences, University of Tokyo, 

Komaba, Meguro, Tokyo, 153-8914, Japan 
kawamata@ms.u-tokyo.ac.jp 


24 



